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1 Introduction

Knot invariants before Hecke algebras

A knot is a continuous embedding of a circle S into 3-dimensional Euclidean space R? (or into the 3-Sphere
§3) without self-intersection and a link is a finite set of non-intersecting knots which may or may not be
linked together. Two knots (or links) are said to be isotopic, if one can be continuously transformed into the
other without self-intersection. The process of deciding whether two knots are non-isotopic has been a central
problem in low dimensional topology. The search for isotopy invariants has led to advancements in topology
and representation theory. In this project, we will tackle one those isotopy invariants by representing a link as
an element of the braid group and analyzing the associated Hecke algebra of the latter.
Artin [2]] showed that the set of braids built from n strands is a group with a common presentation

—

Bn:<a'1,...,0'n

0i0j=0;0; |i—j|>2
010 = 0100341 P€{L,...,n—=2}

In fact, every link (in S?) can be isotopically represented as the closure of some braid [I]]. This allows us
to study links algebraically using the representations of braid groups. Markov [8] showed that two braids
represent the same link (via the closure operation) if and only if they differ by a sequence of Markov moves
[8].

a »—>ﬂa/,3_1 a,B€B,

+1

a - ao, a € B,

This equivalence relation gives us a way to classify links using the braid group B,,.

Jones’ approach

This work will mainly follow the approach taken in Jones [6]]. He discovered a new polynomial knot invariant
and was awarded the Fields Medal in 1990.
By introducing another quadratic relation for some parameter g € C

of =(g-Doi+q
we obtain the so called Hecke algebra of type A,,_
H,(q) := C[B,)/07} = (q =~ Doi +q.

In fact, there are several reasons for introducing this quadratic relation. Jones [6] showed that it is closely
related to the skein relations, which uniquely define the two-variable polynomial Py (x, ¢) called the HOMFLY-
PT polynomial named after Hoste, Ocneanu, Millet, Freyd, Lickorish and Yetter who discovered it in [4] and
Przytycki and Traczyk who discovered it independently in [9]. The HOMFLY-PT polynomial is uniquely
defined by the skein rule, that is if (isotopy classes of oriented) L, L_, Ly are links with the same projection
except for one crossing as in ﬁgure then t‘lPL+ —tP; = xPr, (from Jones [6]). This polynomial coincides
with the Jones invariant for some choice of variables. This gives us a topological reason for introducing this
quadratic relation.

X A =

(a) L, (b) L_ (©) Lo

Figure 1: skein relations

Algebraically, the relation makes the Hecke algebra a g-deformation of the group algebra C[S,] of the
symmetric group S, and as such, it shares some nice properties of C[S ], in particular semi-simplicity (at least
for good parameters ¢) and the correspondence between its irreducible representations and Young tableaux
(see theorems[3.3|and[4.T). By defining a trace function on this Hecke algebra, respecting Markov moves, it is
possible to construct Jones’ polynomial link invariant. One focus of this work will be to analyze explicitly an
alternative way to calculate this trace (at least for low n) using characters of irreducible representations.



Link invariant in a solid torus

Towards an algebraic generalization, one builds an Artin group and a Hecke algebra out of every Coxeter
group. In the case of S, the regular braid group B, is the Artin group of the Coxeter group S, and H,(q)
its Hecke algebra. For the Coxeter group C5 = S, one has a topological interpretation as its Artin group is
the braid group By, of the solid 2-torus. Similarly to S3, this gives rise to a polynomial link invariant for
links in a solid torus as discussed in Lambropoulou [[7]. In the solid torus, the braid group B; , has a common
presentation

Oi0ip10; = 010041 Vi

g0 =0;0; |l—]|22

To; =0T i>2 >

TO']T(T] =O']T(T|T

Bl,n = <Ta Oly...,0p-1

This gives rise to the Hecke algebra of B,-type H,(q, Q) with a trace function, which in turn gives rise to a
different polynomial invariant for the solid torus. There will be a short discussion of the relation between the
two polynomial invariants, and it will be shown that the one in the solid torus does not specialize by elementary
means to the one in S3 (see end of section [5.1}).

Breakdown and further studies

In this project, we will follow Jones’ approach by introducing the Hecke algebra in section .1 and defining
a trace on it (section .2). We will look at multiple ways to calculate this trace (section and end Jones’
discussion with the construction of the link invariant in section4.4] In section[5} we will follow Lambropoulou
[7] using a similar approach to find a link invariant for the solid 2-torus instead of S 3.

The content of this project suggests readily further generalizations which we would have liked to explore
if time permitted. In particular, it would be interesting to see, whether other Coxeter groups (or more precisely
their Artin groups) correspond to braid groups in other 3-manifolds and whether it is also possible to construct
a polynomial invariant by using their corresponding Hecke algebras.
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3 Algebraic Preliminaries

We begin by looking at some important notions of representation theory to be able to tackle our goal of finding
a link invariant. We will use semisimplicity a lot, so let us define it.

Definition 3.1 (Semisimplicity, Etingof et al. [3| Definition 3.5.7]). A finite-dimensional algebra A is semisim-
ple if its radical rad(A) = 0, i.e. it does not have elements that act by 0 in all irreducible representations.
Equivalently, every A-module splits as a direct sum of irreducible representations.

Theorem 3.1 (Fulton and Harris [5, Chapter 3.4]). Let G be a finite group. Then C[G] is semisimple.
Theorem 3.2 (Wedderburn—Artin, Etingof et al. [3 Proposition 3.5.8]). For any finite-dimensional semisim-

ple algebra A, we have
A=~ @ Maty, (k)

for some d;

This will be used in section .3] to provide an alternative approach to calculating the trace on the Hecke
algebra H,(q). For constructing representations of S ,, we need the following:

Definition 3.2 (Restriction, Etingof et al. [3, Chapter 5.8]). Given a representation V of a finite group G and
a subgroup H C G, the restriction ResgV is the representation on H given by p = py/|y.

Definition 3.3 (Induced representation, Etingof et al. [3, Definition 5.8.1]). Let G be a group and H C G a
subgroup and V a representation of H (over a field k). Then the induced representation IndgV is the represen-
tation of G with

IndgV ={f:G > V|flhx)=py(Wf(x)Vx € G,h € H}

and the action g(f)(x) = f(xg) Vg € G. More generally, any k-linear representation V of H
Insz = k[G] Q] %4

Definition 3.4 (Young diagram, Etingof et al. [3, Chapter 5.12]). A partition A of n is a representation of n in
the form
n=A1+- -+ A

where A; € N and A; > Ay for all i. For each partition A, we can associate a Young diagram which is a grid
with p rows where row i contains A; rectangles.

Example 3.1. For example, for 10 = 5 + 3 + 2, the associated Young diagram is

v [ ]

Theorem 3.3 (Etingof et al. [3, Chapters 5.12-5.16]). There is a bijection between Young diagrams uniquely

—1
determined by theorem and by identifying the trivial representation S, 2, C with the partition 1 = n,
which has a Young diagram being a row of n boxes.

Theorem 3.4 (Etingof et al. [3, Chapter 5.16]). For a partition A, Resi” V), is isomorphic to the direct sum

of representations corresponding to the Young diagrams obtained by removing a square from A. Ind3" Vs
isomorphic to the direct sum of representations corresponding to the Young diagrams obtained by addmg a
square to A.

This allows us to build representations of S, inductively from representations for lower n, which we will
use extensively in section [#.3] Though not used explicitly, it is nice to know about Coxeter groups and their
Artin groups to understand the general procedure we are following.

Definition 3.5 (Coxeter group, Lambropoulou [7]). A group with presentation
G = <W1, e Wy |(W,’Wj)mij,mii =1 VZ>
where m;; > 2 is an integer or infinity (in which case, no relation is imposed on the two generators).

Definition 3.6 (Artin group, Lambropoulou [7]). For a Coxeter group G as above, its Artin group is given by

<T1,...,T,, T,'TjT,"" = TjT,'Tj"'>
S—— S——
m;; terms m;; terms



4 The Jones polynomial
To study links, it is useful to study them algebraically and not just using knot/link-projection diagrams. To this

end, we can use the braid group B,, which consists of n strands tangled with each other. A common presentation
given by Artin [2] is

ey

00 =0;0; |l—]|>2
010 = 010041 P€{L,...,n=2}

B, = <O-l,~~-’o—n—1 ‘
Pictorially, the generator o is given by figure 2]

1 i i+1

{
)

Figure 2: Generator o;

S

The first relation in equation (T)) corresponds to two generators commuting if they are sufficiently far apart.
One can convince oneself that the second relation also makes sense intuitively, see figure[3]

}
K/
f//

> //j
N

Figure 3: Relation 00410 = 04100141

For a braid @ € B,, we can consider its closure &—by connecting the ends of the strands with the starts
(see figure @)—which gives us a link diagram. Indeed, every link can be written as the closure of some braid
a € B, according to Alexander [1]. Markov [8]] showed that two links are isotopic if and only if they differ by
a finite number of Markov Moves. This gives us an equivalence relation on |, B, given by equation (2). A
pictorial version of this is given in figure 3]

a ~ Baf! a,B € B, (2a)
a ~ act! a€B, (2b)

Our goal now is to find a link invariant that can be calculated from the braid representation of a link. As
such, we need to respect the Markov Moves in the definition of our invariant.

4.1 A Hecke algebra
A convenient way to find our invariant is to introduce the notion of a Hecke Algebra.

Remark 4.1. For simplicity, we will only define the Hecke algebra of the braid group B, but this can be
generalized (see sectiond)).

Given the representation of the braid group and a complex number g € C, we can define the Hecke algebra
H,(q) by adding a quadratic relation for the generators to B,, given in equation (3).
8igi+18i = &i+18i8i+1 1€ {l,....,n—-2}
Hy(q) = <g1, s 8n-1| 8i8) = 8j8i li—Jj1>2 > (€)

gl.zz(q—l)gi+q ief{l,...,.n—-1}

5



Figure 4: Closure of the braid o030

™ ™
a1
-1
gy
-
(a) Markov move of type I: (b) Markov move of type II:
oao;! with @ = o0 ao, witha = o3

Figure 5: Markov Moves



Remark 4.2. Observe that this is a quotient of the group algebra of the braid group H,(q) ~ C[B,]/ (o-l.z =
(g = Do+ ).

For future use, we make note of the following computation:

Lemma 4.1. We have

_ i—q+1
gilzg—;] “)

From the relation gl.2 = (g — 1)g; + g, we can deduce the following linear recurrence relation (for k > 2)

g =g}

=g (g-Dgi+q) )
=(q- g™ + 48
with solution given in section[A.72]

Note that if we set ¢ = 1, we obtain the relation gf = 1, which implies that H,(1) = C[S,]. As such, H,(q)
is a g-deformation of S,, and inherits some of its nice properties:

Lemma 4.2 (Jones [0]). H,(q) has a basis

{(gil o 8ivk) - (&iy - Bipk, ) | 1 Sl <eer < <n- 1} (6)

Theorem 4.1 (Jones [6]). For g = 1 or g not a root of unity, H,(q) is semisimple. Its modules are in one-to-
one correspondence with Young diagrams of n boxes. Their composition rules are the same. The restriction
of a representation of H,(q) to H,-1(q) corresponding to a Young diagram of n boxes is isomorphic to the
direct sum of representations of H,_1(q) obtained by removing one box of said Young diagram obtaining Young
diagrams with n — 1 boxes. Therefore, their dimensions are also the same.

Example 4.1 (Illustration of theorem[d.1)). For example the restriction of the following irreps of Ho(q) to Hg(q)
composes into the direct sum

Res/ |- o [ [ e [ |

‘We will use this fact later, to construct the trace from section @]using irreducible representations.

4.2 Ocneanu’s Trace function

We are looking to find a linear trace function tr : | J,»; H,(q) — C such that the Markov moves are respected.
The existence of such a trace function was discovered as a consequence of the following theorem from Jones

(6.

Theorem 4.2 (Jones [6]])). For every z € C there exists a linear trace function

tr: H(g) := U H,(q) > C

n>1
uniquely defined by
tr(af) = tr(Ba) Va,f (7a)
tr(ag,) = ztr(@) @ € Hy(q) (7b)
tr(1) =1 (7c)
Vv

Proof of theorem .2 adapted from Jones [i6]]. Within this proof, we will write H, for H,(q) for simplicity.
First, let us construct an isomorphism

C : Hn @Hn ®H,,,1 Hn - Hn+l
(X5, Y1 ®¥2) = X+ Y18n)2

7



Note that the generator g, can appear at most once in a basis element of the from equation () (note also,
that we replace n — 1 with n). Thus, we may write a basis element in H,,; of the form y,g,y, for y;,y, € H,
So, clearly C is surjective: C(0,y; ® y2) = y1€:)2

The injectivity of C follows by counting the number of dimensions. The algebra H,, is a free H,_;-module
of rank n. And so, its dimension is n X (n — 1)! = n!. Furthermore, we have the isomorphism H, ®y, , H, =
@"_,H,. Finally, we calculate

dim(H, & H, ®y

n—1

H,) =n!4+nxn!
=m+ 1)

So C is indeed an isomorphism.
Now, we can define the trace recursively by

tr(l) =1
tr(xg,y) = ztr(xy) forx,y e H,

Now, all that is left to show is the symmetry. By induction, we can assume that tr(xy) = tr(yx) for x,y € H,
and then prove it for x,y € H,,;. Note that this statement is trivial by using the induction hypothesis and the
Markov condition whenever one of x and y does not contain g,. We can further reduce elements of the form
X18nX2Y18nY2 to the form xg,yg, by using braid relations and combining terms.

Thus, we are left to prove that tr(xg,yg,) = tr(yg,xgn)-

Thus, we have the following possibilities:

1. Ifx,ye H,_1:
tr(xgnygn) = tr(xgny)
= (q — 1) tr(xg,y) + g tr(xy)
= (g — Dztr(xy) + g tr(xy)
and

tr(ygnxgn)

(g — Dztr(yx) + g tr(yx)
2. If x=ag,-1band a,b,y € H,_;:

tr(agn-1b8,y8n) = tr(agn-1bg>y)
= (g — 1) tr(ag.-1bgny) + qtr(ag,-1by)
= (q — Dztr(agu-1by) + zq tr(aby)

and

tr(ygnagn-108s) = tr(yagngn-18nb)
= tr(yagn-18n8n-1b)
= ztr(yag,_b)
= z2(q — D tr(yag,-1b) + zq tr(yab)

3. The same as before with the roles of x and y switched
4. If x = ag,-1b,y = cg,—1d fora,b,c,d € H,_;:

tr(agn-1b8,cgn-1dgn) = tr(agn-1bcgngn-18nd)
= tr(agn-1bcgn-18n8n-1d)
=z tr(ag,,_lbcgi_l d)
= 2(q — 1) tr(agn-1bcgn-1d) + zq tr(agy-1bcd)
= 2(q — 1) tr(abedg? ) + 22 q tr(abed)



and

tr(cgn-1d8nagn-1bgy) = tr(cgn—1dag,gn-18:b)
= tr(cgn-1dagn-18n8n-1b)
=z tr(cg,l_ldagi_1 b)
= z(qg — 1) tr(cg,_1dag,_1b) + zg tr(cg,_1dab)
= 2(q — 1) tr(abcdg?_ ) + 22 q tr(abed)

This concludes the proof. O

Note that equation (7a) makes sure that the trace is invariant under Markov moves of type I (2a). Equa-
tion has a similar structure as the Markov moves of type II (2b).

4.3 Hecke algebra representations

Since H,(q) is semisimple and a g-deformation of S ,,, it can be written as direct sum of matrix algebras indexed
by Young diagrams
Hy(q) = P Vv,
2

The trace is determined by its restrictions on those component matrix algebras and the trace on a matrix
algebra is necessarily a multiple of the usual trace. Thus, the trace can be written as a weighted sum traces of
the irreducible representations of H,(q):
tr = Z Wi trem
P

Jones [6] in section 5. gives a formula for those weights by considering the different Young diagrams. However,
we will calculate them directly by computing the irreducible representations of H,(q) (for small n). For this,
notice that the image of g; in any one-dimensional representation ¢ of H,,(¢) must satisfy

@(g)* = (g - Dp(g) +q

and thus, g; must get sent to either —1 or g. Furthermore, the relation g;g,+18; = gi+18:8i+1 imposes that all g;
map to the same value. This gives us the following lemma

Lemma 4.3. The irreducible 1-dimensional representations of H,(q) are

Xuiv:& P q Vi
Xsen 0 8> —1 Vi

Example 4.2 (H>(q)). From the decomposition from theorem{d.1| we get the following character table

Xtriv
Xsgn

which gives us the following system of equations

{ tr(1) =1 = wy + Wsen
tr(gl) =2 = Wiivd — Wsgn.

Solving this system gives Wy, = (2 + 1)/(g + 1) and wygy = (q — 2)/(q + 1) and so for a € Hy(q)

z+1 q

tr(a/) = g+ 1 trC(Xtriv(a)) +

—Z
g+1 trC(ngn(a))~



Example 4.3 (H3(q)). The irreps of H3(q) are:

Xuiv : H3 — End(C)
8i—q
Xsen : H3 = End(C)
gi -1
p : Hy — End(C?)

. -1 0
81 1 g
qg 1

82 = (O _1)

where p is the 2-dimensional irreducible representation corresponding to the Young diagram EF]

The trace evaluated at the basis elements of the algebra is

(1) = 1 tr(g1) = 2
tr(g2) = 2 tr(g182) = 2°
tr(g281) = 2° tr(g18281) = 2°(g — 1) +2q
Also, we have
Hy, % EndC) @ EndC) @ EndC?) LU o
1 - 1 @ 1 @ 15 — a+b+2c
g q & -1 & (’112) — ag—b+c(g-1)
g B q <} -1 & (g_ll) — ag—b+c(g-1)
ge > ¢ e 1 e (A7) —  ag’+b+c(l-29)
281 - q2 (&) 1 ® (l:lq i — aq2+b+c(1 -2q)
-1 -1
gqige » ¢ e -1 e ([ p) — ag-b-cd-2q+1)

where  is the isomorphism H3(q) i End(C) ® End(C) ® End(C?) from theorem Thus, a, b and ¢ must
satisfy
1 2 1

1

qg -1 qg-1 Z_ Z
# -1 (1-29 . - z
¢ -1 —(g-1)7 Zg-1)+2q

Solving this gives us the weights:

_ @+ D(gz+q+2)

T qlg+ (g +2)

(—q+ (¢ +qz—q+z+1)
- alg + 1)(q+2)

_ (q+2@E+1D)
 qlg+2)

b

Finally, we can write the trace on H3(q) as

tr(@) = atre(oiv(@)) + b tre(Ysgn(@)) + ¢ trez(p(@))

As we can see, this process is quite tedious for bigger values of n. A formula to compute the weights of
the traces directly is given in Jones [6].

10



4.4 The knot invariant

Equipped with the trace, we can finally look for our knot-invariant. For this, we need to normalize the trace in
such a way that both Markov moves of type II (Zb)) affect the trace the same way, i.e. we want to find 8 € C
such that

tr(6g;) = tr((6g,)™")
From there, we get

A= 6% = tr(g7 ")/ tr(gy)

@l-g+z 3

|

__1l-q

 1-q ®

tr(Ag;) = tr(Ag;") = 2 VA
_ 10
- AQ (10)

1-2q

Lemma 4.4 (Jones [6]). By representing B, withm : o; — \/71g,~, for a € B, the function
1-n
(z \/71) tr(m(a))

is invariant under Markov moves.

Proof. For a € B,, we have

(V1) ™" o) = (zV2) " wte) Vg3
(zV2) "z Vatr(a(e))
(V1) " tr(r(a)

(]

Finally, since we usually want to represent B, by sending o; — g;, we correct the appearance of the VA’s
by introducing the exponent sum e on the generators o;. This finally gives us the two-variable polynomial

invariant (I1).

Theorem 4.3. For a link L = & where @ € B,, if we represent « € B, in H,(q) vian : 0; — g;, the following
two-variable (Laurent) polynomial in variables A, z does not depend on the braid « and is thus a link invariant.
1-
Xu(2) =27 (V) " (@) (11)
Example 4.4 (unknot). Let us consider the unknot L = 1, where 1 € By. Applying equation gives us

Xz =27 (VD) Ty = 1

The unknot can also be represented (via repeated usage of Markov moves of Type Il) as the closure of
o101 € B,. Then we have

n 1-n+(n—-1)
X (z, D) =7 (V) (g1 -+~ gn-1)

— Zl—nzn—l =1
So indeed, we get the same result for different representations of the link.

Example 4.5 (n-component unlink). A bit more generally, we can consider the n-component unlink which is
the set of n unknots which are not linked together. It can be represented as the closure of 1 € B,. Then we get

XL(/L Z) _ Zlin(ﬁ)l—nﬂ) tr(]) _ (Z \/Z)l—n

Example 4.6 (bowline knot). For fun, let us consider the bowline knot (see figure often used for sailing.
One can convince oneself—by splitting the knot at a and b in figure[6—that it can be redrawn as the closure of

the braid figure [6b]

Thus, the bowline knot is the closure of the braid figure[]] or algebraically

0'10'510'?0'51 (12)

From there, we can calculate the two-variable knot polynomial shown in section|A.)

11



J° G

(a) Bowline Knot (b) Bowline Knot as a braid

Figure 6: Reformulation of the bowline knot as a braid

OO0

Figure 7: Bowline knot schematically
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5 Generalizations

This chapter will follow Lambropoulou [7] in its effort to find a similar knot invariant for links in a solid torus
(instead of usual links in S 3). Now as a topological space, we can view the solid torus M as the space S 3 minus
another solid torus /. This way, we can look at links in M as mixed links fuL consisting of a standard link L
linking with the torus /. Figure 8| visualizes those mixed links.

Figure 8: Link Lin atorus M as [ LI L

To be able to find an invariant polynomial analogous to equation (IT)) for a solid torus M, we encounter
the following problem: When transforming a mixed link / L L into a braid, we need to make sure strand
corresponding to the complementary torus / stays fixed (and in particular is not cut in the braiding process).
Lambropoulou [7]] showed that such a braiding algorithm does indeed exist. From there, we get to a version of
Markov’s theorem for a solid torus:

Theorem 5.1 (Lambropoulou [7]). Two links containing the same braided part are isotopic if and only if any
two corresponding braids, both containing the same braided part, differ by conjugation and, by Markov moves
that do not affect the already braided part.

We can represent any mixed link as the closure of a braid made of n normal strands and one special strand.
This gives rise to a braid group B;, with the following presentation:

00410 = 0110041 Vi

o0 =00 li—jl=2
TO'iZO','T i>2
T0'1T0'1 =0'1T0'1T

Bl,n=<T’0-17--~vo-nl (13)

The generator 7' corresponds to the first strand going around the special strand represented by figure 9a]
The notation 7; = g1 ---gTg; ' -+~ &' (see ﬁgure will be useful for defining the trace in section The
relation ToToy = o1 To T is illustrated in figure [I0] and can be seen by imagining sliding the upper loop
through the lower to get from To(To to o1 To T.

l e n

S

-1
i

(a) Generator T' (b) Generator T; = g; - - - g Tgl’I g

Figure 9: Generators 7 and T;
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\)L
I

e

(a)T0'1Ta'1 (b)O’]TO']T

Figure 10: Relation To\Toy = o To T

5.1 A trace function

Similar to the approach taken in section d.1] we can endow the braid group B, with additional relations to
obtain a Hecke algebra suitable for the representing braids in a solid torus for two parameters g, Q € C:

8igi+18i = &iv18i8iv1 Vi

8i8j = &j8i li—jl1=2
1g; = git i>2
H,(q,0) :=({t,g1,-..,8n 14
(4.9 < Blowe 8ot o to = girart > (14
g =@-Dgi+q Vi
£=Q-Dt+Q
Again, we can define a trace on this Hecke algebra given by the following theorem:
Theorem 5.2 (Lambropoulou [7]). Given z, s € C, there exists a linear trace function
w:Hg, 0 :=|_JHiq.0) > C
n=1
uniquely defined by
tr(ef) = tr(Ba) Ya,B (15a)
tr(agy) = ztr(a) @ € Hy(q, Q) (15b)
tr(at,) = str(a) a € H,(q,0) (15¢)
tr(1) =1 (15d)

-1
-

where t,, =gn---g1tg1‘1 s g

Proof. The proof is similar to the one in section[#.2]and is shown explicitly in Lambropoulou [[7], as such we
will not go through it here. O

Example 5.1.

tr(tgitg1) = tr(tg18,' 81187 " g181)
= tr(mg%)
=(q - Dtr(tt181) + qtr(tty)
= (g - Dt(rg1187' 1) + gste(r)
=(q- Du(g) + g5’
= (g - D(Q - Dr(tg)) + (g — DO tr(gy) + g5
=(q- Q- Dsz+(g—1)Qz+gs”

Remark 5.1. For calculating tr(a) for @ € H,(q, Q) not containing any t;’s, we only need equations (15a),
(I5B) and (I5d) which are the same rules as for the trace on H,(q) (see theorem[4.2)).
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If we consider the embedding of the solid torus in Euclidean space M < S3, by just ignoring the extra

strand, we get a map
t—1,0-1

T Hn(CIs Q) D Hn(q)

such that
H(g,0) O = ()
Note that considering the extra strand from B;, as a normal strand in B, would correspond to the group
homomorphism

l,[/ : Bl,n - Bn+l
T +— 0'%

O = iyl
This is indeed a homomorphism. The only nontrivial thing to verify is that

181181 > 81828182
= 818182818182
= 818281828182
= 818281818281
= 828182818281
= 828181828181
= 82818281 gugit.
But in fact, this group homomorphism does not extend to a Hecke algebra homomorphism H,, (g, Q) — H,+1(q)
shown by the following computation. First, we have
te g =(g- g1 +4q.
But then
£ gl
@ @ -D+qg+q
qg+1
= (@ +1)(g-Dgi +q(g> —q+1)
=(@+D((@-Dgi+9)-¢

where on the other hand we have

£=(Q-Dr+0Q
—(0-Dgl+0
=(Q@-D(g-Dgi +9) + 0.

So, by comparing coefficients, we can see that Q cannot be specialized for generic g and so, there is no such
canonical homomorphism of Hecke algebras. Thus, the trace in H (g, Q) does not specialize to the trace in
H(g). In fact, this should not be surprising since we are essentially trying to look at a two-colored link (in
H(g, Q)) as a simple link.

5.2 Calculating the trace

The goal of this section is to find a way to calculate the trace explicitly by using usual traces of matrix algebras.
In this project we do it for up to n = 2. First, let us remark that that the Hecke algebra H,(g, Q) is built from
the Coxeter group W, = 2" = §, as explained in Lambropoulou [7, Section 3.2]. For n = 1, this group is
Cy = S| = C,, the group with two elements with presentation {a|a®> = 1). The Hecke algebra H;(gq, Q) is a
(g, Q)-deformation of the group algebra C[C>], so it is semisimple and there is a one-to-one correspondence of
simple modules between the two algebras. Thus, we may write

H (g, Q) ~ End(C) ® End(C)
15



and so, we get the trace function as a weighted sum of usual trace functions, i.e. for @ € H (g, Q), we have

tr(a) = atre(puiv(@)) + btr@(psgn(a'))-

The irreducible representations of Hi(g, Q) = () are given by pyiy : t = Q and pgg, : t = —1 by the same
argument as in lemma[4.3] This gives us the following system of equations where the first row corresponds to
the trace of 1 and the second to the trace of ¢ in the irreducible representations of H;(gq, Q).

o 3)6)=C)

Lemma 5.1. The trace on tr : H(q, Q) — C is given by

Solving this system gives us lemma[5.1]

s+1 q-—s

tr= 7+ 1 trc oPwiv + ] trc 0psgn

For n = 2, the relevant Coxeter group is C% > §, which has a presentation
(a,bl(ab)* =1,a> =b* =1) =~ D,
which is isomorphic to the dihedral group of order 8 with the following irreducible representations:

po:am— 1 b1
pr:a— -1 b -1
priam— 1 b —1

p3ia— —1 b1
prac () b (5)

Now, as before, H(g, Q) is a g, Q-deformation of C[D,] and so, its simple modules are in a one-to-one corre-
spondence with the irreducible representations of Dy. For H,(g, Q), the irreducible representations are

poitH Q g1—q
p1:t——1 g1~ -1
p2it Q g1 -1
p3 it —1 g1—q

PilH(ngﬂ) 81'—>(_1]2)

The two-dimensional representation is irreducible since the eigenvectors of p(f) are (¢-1 1 ) and (0 1)7 which
are not invariant under p(s), so there are no p-invariant subspaces. Also, one can easily verify that they satisfy
the Hecke algebra relations, namely p(t)2 = (Q-1D)p()+0I, p(g: )2 = (g—1)p(g1)+ql> and p(g1)p(t)p(g1)p(t) =
p(®p(g1)p(H)p(g1). Again, by semisimplicity, the trace can be written as a weighted sum of traces of the matrix
algebras

tr = atrc opg + btrec opy + ctrc 0py + d tre ops + e tree op.

Now, we look at the images of (basis) elements of H,(g, Q) under those irreducible representations and con-
struct the system of equations for finding the coefficients a, b, ¢, d and e:

Hy)(q,0) = EndC) & End(C) @ End(C) ® End(C) @& End(C?)
I 1 & 1 @ 1 o 1 @& (}9)
t» 0 e -1 o 0 e -1 o (%29
g > q © -1 @& -1 o gq o (79
g > Q0 o 1 e -0 e -qg e (47%9)

@ —» Q¢ e 1 e 0 e ¢ e (1°)

Finally, we get the system of equations for finding a, b, ¢, d and e:

16



11 112
0 -1 Q0 -1 0-1

a

b s
q -1 -1 ¢qg gq-1]|{c|= 2z

d

e

Qg 1 -0 —¢g 0 57
¢ 1 0* ¢ 20 (g - 1(Q - 1)sz+(q— 1Oz + gs*

As we can see, this process is rather tedious but it still works.

5.3 The knot invariant

Using the trace defined in section we can do a similar normalization as in S * such that both Type IT Markov
moves affect the trace in the same way, i.e. we want to find 6 € C such that for @ € H,(q, Q), we have

tr(a(6g:)) = tr((0g)™")

Following the same argument as in section[4.4] we get

Lemma 5.2. Thus, if we represent By, withm : o — Vagi € Hy(q,Q), T — t € H,(q, Q), the function
(2 V)" tr(w(@)

only depends on the mixed link &.
Finally, we get the four-variable invariant given by the following theorem

Theorem 5.3 (Lambropoulou [7]). The four-variable invariant X; ;(q, Q, z, s) of the oriented mixed link TuL
that represents an oriented link inside the solid torus M is the function
1-n e
Xioi(q. Q.29 = (2 V) (V) tr(a(a))
where @ € By, such that & = TULandeis its exponent sum on the o;’s and « the representation of By, n in
H,(q, Q) whichmaps T — t and o; — g;.

Example 5.2 (unknot, wrapping n times around 7). The unknot, wrapping n times around I is represented by
the closure of T" € B} ;. So, we have

1™+ Q") s+ (=1)'Q + Q"
1+0

Xiun(g, 0.9 = (2 \/,‘1)1“ <\//_1)° (") (

17



6 Conclusion

In this project, we followed Jones’ approach in finding a link invariant by looking at the braid representation
of links in S3 [6]. This braid group is the Artin group of the Coxeter group of A,_;-type, i.e. the Symmetric
group S ,. The Markov moves give equivalence classes of braids corresponding to isotopy classes of links. By
looking at the Hecke algebra of the braid group, we can construct a trace function, which is compatible with
Markov moves in such a way that normalizing the trace gives us a link-invariant.

In a second step, we followed Lambropoulou [7] looking at links in a solid torus. This gives us a braid
group, which is the Artin group of the Coxeter group of B,-type. We follow a similar approach as before by
looking at its Hecke algebra, defining a trace and normalizing it to find some link invariant.

It would be interesting to look at braid groups in other 3-manifolds however this might prove difficult when
the underlying Coxeter group is infinite.
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Appendix A Computations

A.1 Computation of the invariant for the bowline knot

To simplify, let us first introduce some notations: For k # 1, let ay, by be such that gf.‘ = arg; + by and define
ay := a_y, by := b_;. More concretely, for our computation, we have:

1 1-¢
-1
& = - gi+t—
q q
N—— N——
a by

g=@-Dg+ ¢
—— N——
ap b2
g =(q- g +qg
=(@-DWg—-Dgi+q +qsi
=(@*-q+Dg+ql@-1
——— ——

a; b3

Now, we can compute the trace of the braid representation from equation (I2):

tr(g185'8185") = tr(gi(aiga + b)(asg: + b3)(aig + by))
= araza; t1((g18281)82) + a1a3b1 tr((g182)g1) + arbza tr(g18282) + arb3by tr(g182)
+ biaza) tr(g18182) + brasby tr(g181) + b1bzay tr(g182) + b1bs3b tr(gy)
= alas tr(gag1(azga + b)) + arazby tr((aag) + ba)ga) + @b tr(gi (azga + b)) + a1by b tr(g182)
+ajasby tr((axg1 + b2)ga) + asbi tr(axgy + by) + arbibs tr(g1g2) + bibs tr(gy)
= ajaya3 tr(g2(8182)) + ajash; tr(g281) + arazazby tr(g182) + arasb by tr(gy)
+ajapbs tr(g182) + aybsby tr(gy) + arbybs tr(g182)
+ ayapasby tr(g182) + ayazby by tr(ga) + azasbi tr(gy) + asbiby + ab by tr(g182) + bibs tr(gy)

= alajas tr(g182) + Ararazby tr(g)) + alashs tr(g182) + a1azazb tr(g182) + ayazbi by tr(ga)

+ daybsy tr(g1g2) + albsby tr(g)) + aiby by tr(g182)

+ ayazazb; tr(g182) + arazb by tr(ga) + azazbi tr(g1) + asbiby + aybybs tr(g1 g2) + bibs tr(g1)

= (a%ag@ + Cl%a3b2 + ajarazby + a%a2b3 + a1b1bs + ayaazb; + a1b1b3)12
+ (a%azaﬂ?g +ajazb by + Cl%b3b2 +ajazb by + a2a3b% + b%bg)z

+ a3b%b2

1y’ 20,2 1y’ 2 1 2 l-¢q
= —) (g—1)(q —q+1)+(— @ -g+g+-(q-Dg —g+1)—
q q q q

1\* 11-g 1 5 1-¢ 1l-g 5
= (@-Dglg—-1D+-———qlg-D+-(g-1(qg —qg+1) +-——qlg—- 1|z

q q9 q q q q q

1\ 5 1, 1-qg (1Y
=] @q-D@ —g+Dg+—(qg —qg+1)——q+|-| qlg—1)gq
q q q q

1 1- 1- 1-
P —g+ D—Lg+ (-1 -q+ 1)(—")+(—")q<q— 1))z
q q q q

1_
+(g*—q+ 1)(—‘])61
q

19



A.2 Computation of the recurrence relation for braid group generators

For some computations of Ocneanu’s trace, it is useful to have a formula for the generators of the braid group
to some power gif for some k € N. We do this using the recurrence relation equation H This gives us the
following system of linear equations (for & > 1):

k+1 -1 k .
(-t 3
! ———

=:A

Note that A has eigenvalues g with eigenvector (¢ 1 ) and —1 with eigenvector (1 -1 ). Now, let

. — 1 q -1 _ 1 1 —-q
P"(—l 1) P _l+q(1 1

Then, we can diagonalize A like the following:

-1 0
P'AP = .
[0 4

Then

k
-10

Ak =p P!
(0 Q)

1 g\(DF 0} 1 (1 —gq
-1 1)L 0 &)1+qll 1
3 1 (_1)k qk+1 1 —q
T 1+g\EDM g1
B 1 (_1)k+qk+1 (_1)k+1q+qk+1
T l+g\CDM gt (=g gt

So, finally, we get for k > 1

(D + ") gi+ (=1fg + ¢

1+q a7

8 =

As a sanity check, pluggingink = -1,k = 1, k = 2 and k = 3, we indeed get the results also calculated
explicitly in section[A.T]
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